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ABSTRACT

In the last decade, several evolutionary algorithms have been pro-
posed in the literature for solving multi- and many-objective opti-
mization problems. The performance of such algorithms depends
on their capability to produce a well-diversified front (diversity)
that is as closer to the Pareto optimal front as possible (proxim-
ity). Diversity and proximity strongly depend on the geometry
of the Pareto front, i.e., whether it forms a Euclidean, spherical
or hyperbolic hypersurface. However, existing multi- and many-
objective evolutionary algorithms show poor versatility on different
geometries. To address this issue, we propose a novel evolutionary
algorithm that: (1) estimates the geometry of the generated front
using a fast procedure with O(M X N) computational complexity
(M is the number of objectives and N is the population size); (2)
adapts the diversity and proximity metrics accordingly. Therefore,
to form the population for the next generation, solutions are se-
lected based on their contribution to the diversity and proximity of
the non-dominated front with regards to the estimated geometry.
Computational experiments show that the proposed algorithm out-
performs state-of-the-art multi and many-objective evolutionary
algorithms on benchmark test problems with different geometries
and number of objectives (M=3,5, and 10).
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1 INTRODUCTION

Evolutionary algorithms have been widely used in literature to solve
multi and many-objective optimization problems (MOPs), where
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the objectives are conflicting with each other. The goal of multi
and many-objective evolutionary algorithms (MOEAs) is to approx-
imate the optimal Pareto front (PF) with a set of non-dominated
solutions. To reach this goal, multi and many-objective evolution-
ary algorithms (MOEAs) try to generate non-dominated fronts that
are as close to PF as possible (proximity or convergence), and that is
well-distributed over the optimal PF (diversity).

In NSGA-IJ, the proximity is achieved using the Pareto-dominance
and diversity is preserved using the crowding distance [7]. MOEA/D
maintains the diversity by using well-diverse weight vectors, and
it tries to reach the PF using the aggregation function-based selec-
tion [12]. While multi-objective EAs perform well for MOPs with
M < 3, their performance degrades when handling many-objective
problems [13, 14], i.e., MOPs with more than three objectives. This
degradation happens because the number of solutions that are
non-dominated in each population increases exponentially with
the number of objectives M. This leads to a dramatic loss of the
selection pressure toward the PF [13].

To overcome such limitations, researchers have proposed differ-
ent strategies to increase either the proximity or the diversity of
the population. These strategies can be classified into three cate-
gories: (1) reference-point based, (2) dominance-relation based, and
(3) indicator based strategies. For example, NSGA-IITI replaces the
crowding distance with a reference-point based operator [6, 10],
which promotes both proximity and population member diversity.
0-DEA [22] uses a new dominance relation, called §-dominance,
which has a stronger selection pressure than the Pareto-dominance.
GrEA [20] uses the grid dominance and grid difference to strengthen
the selection pressure and maintaining population members di-
versity using a grid-based strategy. In AR-MOEA [16], the selection
criterion is based on the enhanced inverted GD (IGD-NS) indica-
tor [16]. To calculate this indicator, AR-MOEA maintains a set of
reference points that are adaptively maintained and updated.

The MOEAs mentioned above use strategies and heuristics that
are built upon the implicit assumption that the PF (or its non-
dominated front approximation) has a Euclidean geometry. For
example, in NSGA-III and AR-MOEA, the reference points are gener-
ated using Das and Dennis’s systematic approach [4], which places
points on a normalized hyper-plane (a flat hypersurface). GrEA di-
vides the objective space in grids of equal size. However, in many
MOPs the PF is convex (i.e., hyperbolic geometry) or concave (i.e.,
spherical geometry) [11]. For these reasons, recent studies [11, 19]
applied non-linear fitting methods to model the shape of the front
generated by MEOAs. However, front modelling techniques incur
in a substantial overhead to due the computation complexity of the
applied fitting methods.

In this paper, we introduce a novel MOEA, called AGE-MOEA
(Adaptive Geometry Estimation based MOEA), for evolutionary
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multi and many-objective optimization. The proposed framework
does not make any assumption about the geometry of the PF and
its approximation (non-dominated front) generated in each genera-
tion. AGE-MOEA inherits the overall framework of NSGA-II, but it
replaces the crowding distance with a survival score that combines
both diversity and proximity of the non-dominated fronts. First,
AGE-MOEA uses a fast heuristic with O(M X N) computational com-
plexity! to estimates the geometry of the front in each generation.
Then, proximity is computed as the distance between each popula-
tion member and the ideal point while the diversity is measured
using the distance among population members. The distance used
to compute proximity and diversity corresponds to the L, norm
that is associated with the estimated geometry.

To assess the performance of the proposed AGE-MOEA, we used a
benchmark of 15 test problems that have PFs with different shapes
and geometries and varying the number of objectives M € {3, 5, 10}.
In particular, we use the Maf test suite [2] used in previous em-
pirical studies to assess the performances on MOEAs (e.g., [9, 18]).
Experimental results show that AGE-MOEA is a versatile MOEA that
achieves promising results on MOPs with concave, convex, discon-
nected, inverted and degenerate PFs. Besides, AGE-MOEA outper-
forms five state-of-the-art MOEAs, namely NSGA-III, O-DEA, GrEA,
MOEA/D, and AR-MOEA.

The remainder of the paper is organized as follows. Section 2
introduces basic concepts in multi and many-objective optimization.
It also describes the L, norms and their connection with hypersur-
faces with difference geometries (curvatures). Section 3 details the
proposed framework AGE-MOEA. Section 4 describes the empirical
studies and results. Finally, Section 5 concludes the paper.

2 BACKGROUND

A multi-objective optimization problem can be formulated as:

minf (x) = (fi(x), fo(x), .., fu(o)]"

subject tox € U C R"

ey

where x = (x1,...,x,)7 is a n-dimensional solution (or decision)
vector from the space U € R™; f : U — RM is an objective function
vector that consists of M contrasting objective functions (or simply
objectives). A multi-objective problem with M > 3 is often referred
to as many-objective problem.

A solution x dominates another solution y (denoted by x < y),
if fi(z) < fi(y) Vi € 1,...,M and there exists at least one index
j € 1,...,M such that f(x) < f(y). Moreover, a solution x* is
Pareto optimal if there exists no other solution y € U such that
y < x*. The objectives of a Pareto optimal solution x* form the so
called Pareto optimal objective vector and it is denoted by f(x*). The
set of all Pareto optimal solutions in U is called the Pareto optimal
solution set (PS) and the set of the corresponding objective vectors
is called the Pareto front (PF) or Pareto frontier.

2.1 L, Norms and Non-Euclidean Geometry

In the M-dimensional space RM, the length (or norm) of a vector
., upr) is computed using the Euclidean formula:
1/2

v = (vg,..
2

lolly = (03 + -+ + o)

I M is the number of objectives and N is the population size.

596

Authors

In the Euclidean space, the distance between two points A and
B is the norm of the straight line connecting the two points, i.e.,
d(A, B) = ||A—B||,. However, the Euclidean norm does not necessary
provide the most accurate measure of the distance between two
points in a generic M-dimensional space [15].

An Ly norm (or p-norm) is a generalization of the Euclidean
norm and it is defined by the formula [15]:

ol = (o 4+ o) ©)

The Euclidean norm (L norm or 2-norm) represents a special case
of the L, norm where p = 2.

Different values of p correspond to different measures of the
distance between two points A and B in RM. Indeed, the set of
points v € RM that are equidistant to a common point (e.g., the
origin of the axes) varies depending on the used L, norm [15].
The set of all points with a distance || - ||, = 1 to the origin of the

axes forms a unit hypersurface?. The geometry (curvature) of the
hypersurface strictly depends on the value of the exponent p [15].

To better explain this aspect, let us consider the unit hypersur-
faces for a bi-dimensional space (in this case we have unit curves).
For p = 1, the unit curve is flat and corresponds to the straight line
connecting the point (0,1) and (1,0). Therefore, all points that are
equidistant (with distance one) to the origin of the axes lie on that
straight line. For p > 1, the unit curve is concave and when p = 2 it
corresponds to the unit circle, i.e., a circle with radius equal to one.
Instead, for p < 1, the equidistant points lie on a hyperbolic curve.
Therefore, the value of p determines the geometry (curvature) of
the unit hypersurface associated with the norm L.

Previous studies suggested to leverage the relationship between
Lp and the curvature of the corresponding unit hypersphere to es-
timate the shape of the non-dominated front produced by a MOEA.
Aguirre et al. [11] proposed an indicator-based MOEA that uses
a family of L, curves to construct an appropriate reference set,
which is used to compute the A, indicator. Recently, Tian et al. [19]
used a generalized variant of the Lp norm and used the Levenberg-
Marquardt (LM) algorithm to derive the parameters of the gen-
eralized simplex model that minimize the fitting error. However,
methods used in prior studies to model the generated fronts are par-
ticularly expensive. Front modelling requires to solve a non-linear
fitting problem with iterative numerical methods, leading to a large
computation overhead. For example, the fitting process in [19] has
an overall complexity of O(G’M2(M + N)), where G’ is the number
of iterations of the LM algorithm.

This paper introduces a fast procedure to estimate the geometry
of the non-dominated front, whose overall complexity is O(M X N),
where M is the number of objectives and N is the population size.
Besides, we incorporate this fast procedure into NSGA-II and re-
place the crowding distance with proximity and diversity heuristics.

3 THE PROPOSED ALGORITHM

The framework of the proposed MOEA, namely AGE-MOEA, modifies
NSGA-II by replacing the fitness (scores) assigned to the solutions in
each non-dominated front. In AGE-MOEA, the crowding distance of
NSGA-II is replaced by a survival score that combines both diversity
and proximity of the solutions within the same non-dominated

2Unit circle in the space R? and unit sphere in R? for L;.
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Algorithm 1: AGE-MOEA

Input: M: Number of objectives
N: Population size
Result: Final population P

1 begin

2 | P «— RANDOM-POPULATION(N)

3 while not (stop_condition) do

4 Q «—— GENERATE-OFFSPRING(P)

5 F «— FAST-NONDOMINATED-SORT(P | Q)

6 F «— NORMALIZE(F)

7 p «— GET-GEOMETRY(F;, M) /* Equation 8 */
8 d—1 /* First non-dominated rank =*/
9 while | P | + | Fy |< N do

10 SURVIVAL-SCORE(F4, d, p)

1 P« PUF,

12 d—d+1

13 SORT(F4) /* by survival scores */
14 PP | Fq[1:(N-|P])]

15 return P

front. First, we present an overview of the proposed framework
in Section 3.1. Then, we detail the key ingredients of AGE-MOEA in
Sections 3.2, 3.3, and 3.4.

3.1 Overview

Algorithm 1 outlines the proposed framework. The search starts
with an initial set of N randomly generated solutions (line 2 in Al-
gorithm 1). Steps 3-14 are repeated until the stop condition (e.g., the
number of iterations) is satisfied. In line 4, new solutions (offspring)
are generated using crossover and mutation. In this paper, we use
the same genetic operators applied in [6, 10], namely the simu-
lated binary crossover (SBX) and the polynomial mutation. However,
other operators could be used as well. The offspring population
Q is therefore combined with the current population P forming
a new population Q |JP of size 2 X N. After that, the obtained
population is divided into non-dominated levels (or fronts) using
the non-dominated sorting algorithm [7]. Then, the non-dominated
fronts are normalized using a variant of the normalization proce-
dure defined in NSGA-III [10] (see Section 3.2).

After normalization, the new population for the next genera-
tion is created in lines 9-14 of Algorithm 1. Solutions in the first
non-dominated front (F;) are assigned a survival score that com-
bines both diversity and proximity using the procedure SURVIVAL-
SCORE (line 10 of Algorithm 1), which is detailed in Algorithm 2
and described in Section 3.4. In AGE-MOEA, diversity and proximity
are computed using the L, norm, whose exponent p depends on
geometry of the optimal Pareto front. Since the optimal front is not
known a priori, p is computed based on the geometry of the first
non-dominated front in each generation (line 7). In particular, p is
approximated using the heuristic described in Section 3.3. There-
fore, the L, norm (as well as the diversity and proximity metrics) is
adapted iteratively. The closer the first non-dominated front to the
optimal front, the more accurate the estimation of the geometry
(i.e., the calculate value of the exponent p) of the PF.
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Finally, the new population of M solutions is formed by selecting
the solutions from the non-dominated fronts, one front (or level) at
a time. Therefore, the solutions from the first front F; are selected
first, followed by Fz, and so on. The procedure terminates when
adding the solutions of the current non-dominated front F; would
exceed M. In this case, AGE-MOEA selects the remaining solutions
from F; according to the descending order of their survival scores
(lines 13-14 of Algorithm 1).

The survival scores play an important role during reproduction
as well. Indeed, parents are selected from the current population P
using the binary tournament selection: a pair of solutions is randomly
selected from P; the winner of the tournament is the solution with
the best non-dominated rank (or level) or the solution with the
largest survival score at the same level of non-dominated rank.

3.2 Normalization

The first non-dominated front F; is rescaled and normalized by
applying the same formula used in NSGA-III [10]:

f1S) =1(i(8) - 2™ /a; VS €F, @
where f;(S) denotes the objective f; for the solution S and z?‘in is
the minimum value of the i-th objective across all solutions in the
front F1. With the numerator, the objectives are translated to have
the ideal point equal to the origin of the axes. The denominator a;
is the intercept of the M-dimensional hyperplane with the objective
axis f;. The M-dimensional hyper-plane is composed by the ex-
treme vectors z;"%* = gneaﬁ:)f( fi(S) - z?‘in), i.e., the largest objectives

values in [Fy after the translation toward the origin of the axes. The
intercepts are obtained by solving the system of linear equation
Z™M g = 1, where Z™# is the M-dimensional hyper-plane formed
by the extreme points of F;.

As notices by previous studies [21], the system
may be indefinite, impossible or leading to abnormal normalization
results. In these cases, AGE-MOEA uses the min-max normalization
where the denominator in Equation 4 is computed as a; = (2] —

Zmx g = 1

z?i“), i.e., the difference between the maximum and the minimum
values for the objective f; across all solutions in the front Fy.

The solutions in all other non-dominated fronts F; (with d > 1)
are scaled and normalized based on the values z;.“in and a; computed
for the first non-dominated front. Therefore, while the objectives for
F; take values in [0, 1], the objectives for the other non-dominated
front Fy. ; can have values higher than one.

3.3 The Geometry of the First Front

Determining the geometry for the first non-dominated front F;
is a fitting problem: we need to find the unit hypersurface that
best fits the normalized objectives of F;. The geometry (curvature)
of the unit hypersurface is determined by its associated L, norm.
Therefore, we have to find the value p for the norm L such that the
corresponding unit hypersurface best fits the normalized objectives
of the front. An optimal fitting hypersurface has an L, norm such
that all points in F; are equally distant to the ideal point Z™® =
(z‘lni“, .. ,zAm/Ii“), which coincides with the origin of the axes 0 after

the normalization (i.e., z;nin =0, Vf").
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Figure 1: Example of central point C of a normalized non-
dominated front.

Furthermore, the extreme points in the front correspond to the
intersections of the front with the objective axes. After normaliza-
tion, the intersection point of Fy with the axis f;" has the objective
fl.” = 1 and all other objectives fj” = 0 for j # i. Furthermore, its
distance to the origin of the axes (ideal point) is always equal to
one whatever p exponent is chosen. This is because an extreme
point E with coordinate (f*(E) = 0,..., f(E) = 1,..., fi;(E) = 0)
has an L, norm equal to:

R N A

(0p+...+1p+...+0p)l/p:1

Based on the above observation, our fitting problem consists in
solving the following system of non-linear equations:

(Fi(SVP + -+ fu(SDP)P = 1

. 1p
IE = 0l )

L. )
(ISP + -+ fu(SP) /P =1

where k is the number of points in the front Fy, V f;, z‘i“in = 0 after
the normalization, and p is the unknown (variable) of the equations.
Unfortunately, there is no exact formula to solve an exponential
equation of the form a? + b? + --- = 1 for any set of coefficients
(a,b,...) € RM . Furthermore, numerical analysis methods (e.g.,
Newton’s iterative method [8] or the LM algorithm [19]) are com-
putationally expensive and not suitable for computing the value of
p in each iteration with negligible overhead.

For the reasons above, we approximate the value of p using
one single point from the front F; for which the corresponding
Lp exponential equation can be easily computed with an exact
method. More specifically, we approximate p by considering the
central point in the front F;. Since the objectives are normalized,
the central point C is defined as the point in F; with the minimum
perpendicular distance to the vector /_i delimited by the ideal point
Zmin — KO) and nadir point Z™&* Zl):

C = argmin dist*(f™(S), ﬁ), VS eFy
f(S)

For example, let us consider the normalized front depicted in
Figure 1. The extreme points A=(1,0) and B=(0,1) lie on the two
objectives axes f]" and f," while the central point C lies on the

(6)
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vector E Furthermore, the Lp norm of A and B is equal to one for
any p € R. If we consider only the extreme points A and B and the
central point C, our fitting problem consists in finding p such that
the Ly, norm of C is equal to the norm for A and B (which are both
equal to one): ||C]|,, = 1. Since ﬁis the bisector of the first quadrant,
all coordinates of C are identical (C; = Cz = 0.5). Therefore, the
exponential equation to solve becomes ((0.5)" + (0.5)1’)1/‘0 =1,
whose exact solution is p = 1.

In general, given a generic central point C that lies on the bisector
of the first quadrant (ﬁ), the solution to the equation ||C]|, is:

M 1/p
(Zcf) =1 — M-c?=1
i=1

— C’lg =1/Mx
__log(M)
log(C1)
where C; denotes the i-th coordinate of the central point C.
In the equation above, we assumed that the C; lies exactly on
the bisector of the first quadrant. However, in practice, the central
point of a generic non-dominated front F; may have a distance

™)

dist*(C, E) > 0 and, thus, its coordinates in the objective space are
not identical. For this reason, in AGE-MOEA (line 7 of Algorithm 1)
we approximate the value of the exponent p using the equation:

_ Log(M) _ log(M)
log (4 ZM, C:)  Log(M) - log (2, )

where M is the number of objectives; C is the central point in F;
and computed with Equation 6; and C; is the i-th coordinate of
C in the objective space. Since the coordinates of C cannot be all
zero (otherwise C would coincide with the ideal point) nor all equal
to ones (otherwise it would coincide with the nadir point), the

®)

summation Z?ﬁ 1 Ci is always greater than zero and lower than M.
This implies that the denominator in Equation 8 is always > 0.

If we use Equation 8 in the example of Figure 1, we obtain a value
p = —log(2)/(log(0.5 + 0.5) — log(2)) = 1. The fitting unit curve for
this example is flat and correspond to the line connecting the two
extreme points A and B as shown in Figure 1. This straight line
corresponds to the unitary curve for the norm L;.

Complexity. The computational complexity to approximate the
geometry of the first non-dominated front F; (i.e..the value of p) is
O(M x N) where M is the number of objectives and N is the size
of the population (in the worst case scenario |F;| = N). While the
complexity for computing the formula in Equation 8 is O(M).

3.4 Diversity, Proximity and Survival Scores
Once the geometry (Lp norm) of the first non-dominated front F;
is computed using Equation 8, we can measure both the diversity
and proximity of Fy accordingly:
proximity(S) = If(S) - 2™, = [F(S)Il,
. . o niey
diversity(S, F1) = ngFl IF*(S) = fF(Dl,
The proximity score for a generic solution S € F; is measured as the
distance (using the L, norm) of its objective vector f™(S) to the ideal

point. A solution S € Fj that lies on the unit hypersurface associated
with the estimated L, norm has proximity(S) = 1by definition (e.g.,

©)
(10)
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Algorithm 2: SURVIVAL-SCORE
Input:

F4: pool of non-dominated solutions
d: index of the non-dominated front
p: exponent of estimated geometry the p-norm

1 begin
2 if d==1then
3 score[E] «— +o00  /x E = extreme points of F; */
4 Q«—E /* Considered solutions x/
5 Q—Fg\Q /* Remaining solutions */
6 for each solution S € Q do
7 L proximity[S] «— [[f(S)Il,,
8 for each solution S; € Fy do
9 for each solution S; € Fy do
10 | dist[S1, S2] e [IF(S1) = f(S2)ll,
11 while [Q/ > 0 do
12 for each S € Q do
13 diversity[S] «— min dist[S, T] + min2 dist[S, T]
. TEQ_ TeQ
14 value[S] «— 7dlve,ml_tY[S]
proximity[S]

/* Select the solution with the max value =*/

15 S* «— arg max value[S]
SeQ

16 score[S*] «— value[S*]
17 Q«— QU{S"} /* Considered solutions */
18 | Q—Q\({s"} /* Remaining solutions %/
19 else
20 for each S € F; do
21 L score[S] «— 1/|[f(S)ll,,

point C in Figure 1). A solution S with proximity(S) < 1 dominates
parts of the unitary hypersurface of L, (e.g., point D in Figure 1).
Finally, a solution S with proximity(S) > 1 is more distant from
the ideal point compared to the points in the unit hypersurface
associated with L, (e.g., point F in Figure 1). The diversity of the
solutions S € Fy is computed as the minimum distance (L, norm)
with the other solutions in the front [F;.

The survival score of each solution S € F; combines both diver-
sity (to maximize) and proximity (to minimize) as follows:

diversity(S, Fy)

proximity(S) (1)

score(S) =

Algorithm 2 details to the procedure used in AGE-MOEA to assign
survival scores to the solutions in each non-dominated front F ;. The
survival scores for the first non-dominated front F; are computed
in lines 3-18, while the score for the other non-dominated fronts
F ;-1 are computed in lines 20-21.

For what regards Fy, first all extremes solutions are assigned
the maximum possible survival score (+c0) with the aim to pre-
serve them in the population for the next generation (line 3 of
Algorithm 2). Then, the procedure initializes two sets: (i) Q that
keeps track of all solutions with already assigned scores (line 4) and
(ii) Q containing all solutions yet to score (line 5). In lines 6-7, the
proximity scores for the solutions in Q are computed according to
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Equation 9, while the pairwise L, distances between all solutions in
F; are computed in lines 8-10. Then, the survival score is computed
within the loop in lines 12-14. In each loop, the procedure computes
the diversity score for the solutions in Q considering the minimum
(min) and the second minimum (min2) distances with regards to the
solution in Q (line 13 of Algorithm 2). In this way, the diversity of a
solution S is computed with regards to solutions that have already
been scored (or selected) in the previous iterations of the loop rather
than considering all solutions in F;. A temporary survival score
(value[S] in line 14) is then computed for each solution S € Q. The
solution S* with the maximum temporary score in Q is selected
(line 15), and its final survival score is assigned in line 16. Then,
the two sets Q and Q are updated in lines 17-18. The temporary
survival scores for the remaining solutions in Q) are recomputed
in the next iterations since we need to recompute their relative
diversity with regards to the updated set Q.

Finally, the survival scores for the solutions in the non-dominated
fronts F;. ; are computed as the inverse of their proximity scores
(lines 19-21 in Algorithm 2). Hence, dominated solutions closer to
the unitary hypersurface induced by L, have larger scores.

Complexity. The computational complexity of Algorithm 2 is
O(M x N?) + O(N3), where M is the number of objectives and N
is the population size. The elements of the overall complexity are:

e O(M x N) for computing the proximity scores in lines 6-7.

e O(M x N?) for computing the distances for each pair of
solutions in F; (lines 8-10);

e O(N?) for the loop in lines 11-18. More specifically, the inner
loop in line 12-14 has a complexity 0(|Q| x |Q) and it is
repeated |Q| (outer loop in line 11), where Q C F; and
Q C Fy.

e O(MxN) is the complexity for computing the survival score
for the fronts Fy 1.

4 EMPIRICAL STUDY

In our study, we considered the Maf test benchmark [2], with the
number of objectives M=3, 5, and 10. The Maf suite has been de-
signed by Cheng et al. [2] for the CEC 2017 competition on many
objective optimization. The suite contains 15 test problems with
different properties, such as linear (e.g., Maf1), concave (e.g., Maf2),
convex (e.g., Maf3), multimodal (e.g., Maf4), degenerate (e.g., Maf6),
disconnected (e.g., Maf7), and complex (e.g., Maf13) PFs. Therefore,
such a suite is a good representation of various real-world scenar-
ios [2].

To assess the effectiveness of AGE-MOEA, we compare its perfor-
mance with five state-of-the-art many-objective evolutionary algo-
rithms, namely NSGA-III [6], MOEA/D [12], GrEA [20], 6-DEA [22],
and AR-MOEA [16]. These MOEAs use different strategies to balance
proximity and diversity of the generated non-dominated fronts.

On each test problem, we run each algorithm 50 times to account
for their randomness nature. In each independent run, we collected
the non-dominated front produced by a given algorithm at the
end of the search (i.e., when the maximum number of solution
evaluations is reached) and computed the inverted generational
distance (IGD) [23] to measure its overall quality. The IGD metric
provides a single scalar value measuring both proximity to P* and
diversity of the solutions in the front P4. The smaller the IGD
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Table 1: Parameter values used for all many-objective evo-
lutionary algorithm. n denotes the number of decision vari-
ables (length of the chromosomes).

Parameters M=3 M=5 M=6
Population size [10] N 91 210 275
Number of Fitness Evaluations 27300 63000 82500
Number of iterations 300

SBX probability [1] pc=1

SBX distributed index [1] e =30
Polynomial mutation probability [5] pm=1/n
Mutation distributed index [5] Nm =20

Table 2: Number of Maf problems [2] in which an algorithm
A (e.g., AGE-MOEA) statistically outperforms (<) another algo-
rithm B (e.g., NSGA-III) according to the Wilcoxon test (p-
value<0.05).

Comparison M=3 M=5 M-=10
AGE-MOEA < AR-MOEA 10 11 10
AR-MOEA < AGE-MOEA 2 2 3

AGE-MOEA < GrEA 12 12 12
GrEA < AGE-MOEA 2 2 0
AGE-MOEA < NSGA-III 13 14 15
NSGA-III < AGE-MOEA 2 0 0
AGE-MOEA < MOEA/D 12 14 12
MOEA/D < AGE-MOEA 3 1 2
AGE-MOEA < 6-DEA 13 13 14
6-DEA < AGE-MOEA 1 0 1

values, the lower the distance between P4 and P*, i.e., the better
the performance of the algorithm A.

To assess the significance of the differences among the different
MOEAs, we use the Wilcoxon rank-sum test [3] with significance
level @ = 0.05. A significant p-value indicates that an algorithm A
(e.g., AGE-MOEA) achieves significant lower IGD values than another
algorithm B (e.g., NSGA-III) across 50 runs for a given test problem.

4.1 Implementation and Parameter settings

We implemented AGE-MOEA in MATLAB using PlatEMO, the open-
source platform by Tian et al. [17] and public available on GitHub.
The source code of AGE-MOEA (as well as all experimental results)
will be made publicly available on GitHub after the double-blind
review process. PlatEMO provides the source code for all benchmark
problems as well as of the algorithms we use as baselines in our
study. For all MOEAs, we used the same parameter setting reported
in the related literature [1, 2, 5, 6, 10]. In MOEA/D, NSGA-III, and
AR-MOEA, the population size N depends on the number of reference
points generated with Das and Dennis’s systematic approach [4, 6].
Instead, the population size can be arbitrary in AGE-MOEA since it
does not use reference points. However, to ensure a fair comparison,
we adopt the same population size and the same number of fitness
evaluations for all algorithms in our study. In particular, we set the
population size N=91, 210, and 275 for the number of objectives
M=3, 5 and 10 respectively. The number of fitness evaluations is
set to N X 300 iterations.

Table 1 shows all parameters values for the evaluated MOEAs.
For all the other parameters (e.g., the grid division in GrEA) we use
the values suggested by their developers.
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4.2 Empirical Results

In this subsection, we present the results of the comparison be-
tween AGE-MOEA and the five MOEAs baselines. Table 3 provides
the average (mean) and the standard deviation (shown between
parentheses) of the IGD achieved by each MOEA across 50 indepen-
dent runs. The table also reports whether a baseline (e.g., MOEA)
statistically outperforms (denoted with 1), is statistically worst (de-
noted with |), or statistically equivalent (x) to AGE-MOEA according
to the Wilcoxon rank-sum test [3]. Besides, Table 2 summarizes the
number of benchmark problems for which AGE-MOEA significantly
outperforms a baseline MOEA (e.g., NSGA-III) and vice versa.

From Tables 3-2, AGE-MOEA performs significantly better than
AR-MOEA in 10 out of 15 Maf test problems for M=3 and M=10. For
M=5, AGE-MOEA performs statistically better than AR-MOEA in 11
out of 15 test problems. Particularly interesting is the Maf3 test
problem, whose optimal Pareto front is convex (i.e., it is has a
hyperbolic geometry with a norm Ly<1). Independently from the
number of objectives, the IGD values achieved by AGE-MOEA are one
or two orders of magnitude smaller than the IGD values achieved
by AR-MOEA. For example, for M=10, AGE-MOEA obtains an average
IGD value equal to 6.93x10( — 2) compared to an IGD value of 1.55
achieved by AR-MOEA. On the other hand, AR-MOEA has significantly
lower IGD values in 2 test problems (Maf6 and Maf11) for M=3, 2
test problems (Maf6 and Maf15) for M=5, and thee problems (Maf1,
Maf9, and Maf15) for M=10. No significant difference is observed
for the remaining few test problems.

For what regards the comparison with GrEA, we observe that
AGE-MOEA statistically outperforms GrEA in 12 out of 15 test prob-
lems for M=3, 5, and 10. For some of the test problems, the differ-
ences between the two MOEAs are above one order of magnitude.
For example, on Maf3 with M=10, AGE-MOEA obtains an average IGD
value equal to 6.93x1072 compared to an IGD value of 1.47x10**
achieved by GrEA (the difference is six orders of magnitude). In
general, for M=10, there are 8 test problems out of 15 for which the
IGD values of AGE-MOEA is at least one order of magnitude smaller
(better) than those achieved by GrEA. Vice versa, GrEA is statistically
better than AGE-MOEA in two test problems: Maf1 and Maf7 for M=3;
Maf7 and Maf15 for M=5. Instead, for M=10 GrEA never achieves
significantly better IGD values than AGE-MOEA. For the remaining
test problems, there is no statistically significant difference between
GrEA and AGE-MOEA.

From Tables 3-2, AGE-MOEA achieves significantly lower (better)
IGD values than NSGA-III in 13, 14 and 15 out of 15 test problems
for M=3, M=5, and M=10 respectively. The most significant differ-
ence is observed for Maf3 with M=10 where AGE-MOEA obtains an
average IGD value equal to 6.93x1072 while NSGA-III achieves an
IGD value of 3.24x10*3, which is five orders of magnitude larger
than for AGE-MOEA. Vice versa, NSGA-IITI achieves statistically bet-
ter IGD values in two test problems (Maf7 and Maf11) and only
for M=3. Instead, NSGA-III never outperforms AGE-MOEA for M=5
and M=10. In particular, NSGA-III always produces significantly
higher (worst) IGD values for all test problems when M is set to 10.

Regarding the comparison between AGE-MOEA and MOEA/D, we
notice from Tables 3-2 that the former significantly outperforms the
latter in the majority of test problems independently of the number
of objectives. More specifically, AGE-MOEA achieves significantly
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Table 3: IGD values (mean and standard deviation) achieved by the AGE-MOEA and the baselines on the Maf benchmark [2] with
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M=3,5, and 10 objectives. Best performance is highlighted in grey color.

Problem M AR-MOEA GrEA NSGA-III MOEA/D 6-DEA AGE-MOEA
MaF1 3 4.3854e-2 (5.49%¢-4) | 4.2393e-2 (8.39%-4) T 6.1953e-2 (2.14e-3) | 7.0473e-2 (7.88e-6) | 8.0706e-2 (7.20e-4) | 4.3056e-2 (4.25e-4)
MaF2 3 3.2100e-2 (7.71e-4) | 3.1930e-2 (4.52e-4) | 3.6179%-2 (8.14e-4) | 4.1280e-2 (1.37e-3) | 3.6522e-2 (3.46e-4) | 3.1031e-2 (6.56€-4)
MaF3 3 1.5462e+0 (1.97e+0) | 9.9568e-1(1.98e+0) |  2.3782e+0 (3.59e+0) |  3.1098e-1 (6.766-1) T  3.3974e+0 (5.63e+0) |  5.1510e-1 (1.41e+0)
MaF4 3 1.2607e+0 (2.01e+0) | 1.3245e+0 (1.58e+0) |  3.1889e+0 (2.92e+0) |  2.1207e+0 (9.71e-1) |  1.4392e+0 (1.83e+0) |  7.5761e-1 (1.20e+0)
MaF5 3 1.0265e+0 (1.27e+0) |  9.3317e-1(1.02e+0) |  7.1456e-1 (1.00e+0) |  1.2690e+0 (1.43e+0) |  8.1065e-1 (7.54e-1) | 3.0978e-1 (3.24e-1)
MaF6 3  5.1379e-3(1.18e-4) T  2.0989e-2 (5.84e-4) |  1.4955e-2 (1.60e-3) |  7.9072e-2 (1.26e-1) |  3.3136e-2 (2.58e-3) | 5.4330e-3 (1.12e-4)
MaF7 3 1.9735e-1 (2.33e-1) | 8.6453e-2 (4.81e-3) T 7.8716e-2 (3.87e-3) T 1.7749%¢-1 (1.18e-1) | 1.0860e-1 (6.88e-2) | 9.1365e-2 (8.64e-2)
MaF38 3 9.5006e-2 (2.01e-2) | 8.6955e-2 (1.29¢-2) | 1.3148e-1 (3.37¢-2) | 2.9967e-1 (2.41e-1) | 1.9169e-1 (4.90e-2) | 7.8517e-2 (1.46€-2)
MaF9 3 8.1383e-2 (2.71e-2) | 4.6689%-1 (2.05e-1) | 8.9195e-2 (2.26e-2) | 1.397%-1 (5.23e-2) | 8.4144e-2 (2.14e-2) | 6.8064€-2 (7.43€-3)
MaF10 3 3.352le-1(5.23e-2) |  2.4991e-1(4.80e-2) ~  4.3074e-1(7.67e-2) | 5.7938e-1(9.3de-2) | 3.9627e-1(6.32¢-2) |  2.2889¢-1 (3.52¢-2)
MaF11 3 1.6268e-1 (1.30e-3) T 2.3696e-1 (1.24e-2) | 1.6323e-1(2.67e-3) T 2.6705e-1 (6.22e-2) | 1.5653e-1 (1.51e-3) T 1.7044e-1 (3.47e-3)
MaF12 3  2:2402e-1(3.356-3)~  2.5115e-1(6.79-3) |  2.3015e-1(2.12e-2) |  2.9391e-1(251e-2) |  2.2429e-1 (2.05e-3) ~  2.2441e-1 (2.47e-3)
MaF13 3 9.0600e-2 (7.82e-3) 1.7135e-1 (2.5%-2) | 9.4125e-2 (9.68e-3) | 1.163le-1(3.33e-2) |  9.2006e-2 (8.73e-3) |  7.9967e-2 (4.42¢-3)
MaF14 3 9.8537e-1 (3.06e-1) ~ 1.3652e+0 (4.70e-1) | 1.2546e+0 (4.14e-1) | 6.1995e-1 (1.38e-1) T 1.2979e+0 (4.95e-1) | 9.3860e-1 (3.08e-1)
MaF15 3 3.8100e-1 (7.3%-2) ~ 5.8612e-1 (8.08e-2) | 7.2037e-1 (2.10e-1) | 3.7313e-1 (9.47e-2) T 9.0553e-1 (8.52e-2) | 4.213%¢-1 (9.32e-2)
MaF1 5  1.1596e-1(1.05e-3) |  1.2184e-1(2.19¢-3) |  1.8400e-1(9.92e-3) |  1.5437e-1(543e-2) |  2.0875e-1(5.47e-3) |  1.1017e-1 (1.61e-3)
MaF2 5  9.4906e-2 (1.16e-3) |  1.0120e-1(1.42e-3) |  1.1296e-1(3.08¢-3) |  1.1078e-1(2.96e-4) |  1.2384e-1(2.71e-3) | 9.2976e-2 (1.10e-3)
MaF3 5 1.5533e-1 (3.23e-1) | 1.9521e+0 (4.31e+0) | 1.3713e+0 (2.89¢+0) | 1.0495e-1 (6.18e-3) | 9.3684e-2 (4.50e-3) | 5.4560e-2 (8.97¢e-4)
MaF4 5 2.2834e+0 (9.02e-2) | 2.3563e+0 (1.59e+0) &  3.0028e+0 (1.85e+0) |  1.155%+1 (1.15e+0) | 2.8182e+0 (2.11e-1) | 1.8275e+0 (6.47e-2)
MaF5 5 1.9730e+0 (4.94e-3) | 1.9916e+0 (8.98e-1) | 2.0382e+0 (3.00e-1) | 7.5844e+0 (1.89e+0) | 1.9662e+0 (6.12e-3) | 1.7508e+0 (2.64e-2)
MaFé 5 2.0461e-3 (4.156-5) T  3.5892e-2 (8.23e-4) |  1.6904e-2 (2.95e-3) | 1.1807e-1(1.6%-1) |  8.1549%-2 (1.09¢-2) |  2.4664e-3 (5.74e-5)
MaF7 5  2.5829e-1(5.15e-3)~  23492e-1(523¢-3)7  2.8437e-1(5.73¢-3) |  5.1550e-1(2.40e-2) |  3.0107e-1(2.50e-2) | 2.5782e-1 (1.72¢-2)
MaF8 5  8.9355e-2(2.23e-3) |  1.2940e-1(5.50e-3) |  1.6331e-1(7.80e-3) |  2.5847e-1(6.81e-2) |  3.0528e-1(3.94e-2) |  7.6191e-2 (6:97¢-4)
MaF9 5  88245¢-2 (5.05e-3)~  1.149e+0 (3.88e-1) |  3.5017e-1(1.62e-1) |  1.3132e-1(3.75e-2) |  6.7137e-1(1.79-1) |  8.8524e-2 (6.79%-3)
MaF10 5 6.8772e-1 (5.42e-2) | 5.1743e-1 (2.38¢-2) | 8.2837e-1 (6.74e-2) | 8.7736e-1 (5.15e-2) | 6.4136e-1 (6.88e-2) | 4.1464e-1 (2.49e-2)
MaF11 5 3.9050e-1 (3.34e-3) | 4.9965e-1 (2.09¢-2) | 3.8658e-1 (2.98e-3) ~ 7.7530e-1 (4.46e-2) | 3.8803e-1 (3.72e-3) = 3.8570e-1 (4.75€-3)
MaF12 5 9.4651e-1 (4.83e-3) | 9.3832e-1 (6.53e-3) | 9.3385e-1 (5.03e-3) | 1.6205e+0 (1.04e-1) | 9.2941e-1 (3.6%¢-3) | 9.2122e-1 (5.03e-3)
MaF13 5  9.5739e-2(5.09¢-3) |  3.8905e-1(1.03e-1) |  1.7174e-1(1.61e-2) |  1.6123e-1(4.18e-2) |  2.9768e-1(4.66e-2) |  8.9651e-2 (7.13¢-3)
MaF14 5  8.1409e-1(257e-1) |  7.5450e-1(148e-1) | 8.4358e-1(1.95e-1) |  7.8806e-1(2.35e-1) |  1.0024e+0 (4.03e-1) |  6.5343¢-1 (1.41e-1)
MaF15 5  56385e-1(7.856-2) T 7.3806e-1(5.00e-2) T 1.2955e+0 (2.06e-1) |  6.3603e-1(1.13e-1) T 1.0880e+0 (1.09e-1) ~  1.0901e+0 (2.33e-1)
MaF1 10 2.2537e-1 (1.69¢-3) T 2.3703e-1 (6.26e-3) = 2.8389%-1 (5.74e-3) | 5.3403e-1 (2.47e-2) | 3.1707e-1 (7.43e-3) | 2.3803e-1 (5.36e-3)
MaF2 10  1.8400e-1(6.49-3) |  3.6911e-1(1.65e-2) |  2.0898e-1(1.71e-2) |  2.6117e-1(1.43e-3) |  1.9988e-1(8.11e-3) |  [1.7370e-1 (5.34e-3)
MaF3 10  1.5649%+0 (5.04e+0) |  1.4697e+4 (1.69%e+4) |  3.2428e+3 (6.3de+3) | 1.4320e-1(2.11e-3) |  8.5241e+0 (2.40e+1) |  6.9331e-2 (1.01e-3)
MaF4 10 9.5813e+1 (6.24e+0) |  1.6292e+2 (3.91e+1) |  9.4722e+1 (8.70e+0) |  5.3804e+2 (4.52e+1) |  1.1635e+2 (1.39e+1) |  5.7991e+1 (4.15e+0)
MaF5 10 9.7353e+1 (5.14e+0) |  4.7038e+1 (1.05e+0) ~  7.7391e+1 (1.23e+0) |  3.0165e+2 (2.68e+0) |  7.7560e+1 (7.13e-1) |  4.6762e+1 (1.57e+0)
MaF6 10 3.4000e-1 (3.17e-1) ~ 8.6533e-1 (4.10e-1) | 6.1137e-1 (2.11e-1) | 1.1737e-1 (1.62e-1) T 1.6267e-1 (2.56e-1) T 3.5746e-1 (1.78e-1)
MaF7 10 1.4115e+0 (8.58e-2) | 2.6086e+0 (6.41e-2) | 1.1407e+0 (7.72e-2) | 2.4215e+0 (5.00e-1) | 9.0120e-1 (4.96e-2) | 8.4737e-1 (9.93e-3)
MaF8 10 1.2401e-1 (3.31e-3) | 1.4432e-1 (4.02e-3) | 2.7530e-1 (4.98e-2) | 9.6382e-1 (2.25e-2) | 7.5206e-1 (9.76e-2) | 1.0316e-1 (6.42e-4)
MaF9 10  1.5808e-1(7.75¢-3) T  1.4224e+0 (5.86e-2) |  4.4905e-1(1.09e-1) |  1.3035e+0 (1.61e+0) |  7.8762e-1 (1.46e-1) | 2.9156e-1 (9.70e-3)
MaF10 10 1.5107e+0 (1.01e-1) | 1.1179e+0 (4.06e-2) |  1.6448e+0 (1.35e-1) | 1.9093e+0 (1.3%-1) |  1.1739e+0 (8.54e-2) |  9.2879%¢-1 (1.74e-2)
MaF11 10  9.9968e-1(3.65e-2) |  1.1312e+0 (3.55e-2) |  1.2069e+0 (1.97e-1) | 1.9329e+0 (4.15e-2) | 1.1605e+0 (1.44e-1) |  9.7470e-1 (1.28e-2)
MaF12 10  4.4564e+0 (2.82e-2) |  4.1458e+0 (4.01e-2) |  4.3421e+0 (7.55e-2) |  8.9572e+0 (1.64e-1) |  4.3330e+0 (3.25e-2) |  3.9226e+0 (2.99¢-2)
MaF13 10 1.1361e-1 (5.45e-3) | 4.4202e-1 (2.3%-1) | 2.2892e-1 (3.43e-2) | 9.4977e-1 (6.99e-2) | 5.6955e-1 (9.15e-2) | 9.6785e-2 (9.11e-3)
MaF14 10 6.2926e-1 (4.32e-2) = 1.1096e+0 (2.47e-1) | 1.208%¢+0 (3.12e-1) | 4.6465e-1 (1.04e-1) T 1.0947e+0 (4.30e-1) | 6.1479%¢-1 (3.64e-2)
MaF15 10 8.9098e-1 (1.31e-1) T 1.3888e+0 (4.96e-1) ~ 1.3848e+0 (2.28e-1) | 1.0341e+0 (9.57e-2) = 1.2753e+0 (1.41e-1) | 1.0738e+0 (1.46e-1)

better IGD values in 12 problems (out of 15) for M=3, in 14 problems
form M=5, and in 12 problems for M=10. The largest difference
between the two MOEAs is observed for the Maf6 test problem
with M=5. The optimal Pareto front for Maf6 is concave (i.e., it has
a spherical geometry with Ly>1 norm) a degenerate [2]. In this
case, AGE-MOEA has an average IGD value equal to 2.46x10~3 while
MOEA/D has an IGD value of 1.18x10! (the difference is six orders
of magnitude). MOEA/D significantly outperforms AGE-MOEA in three
problems (Maf3, Maf14, and Maf15) for M=3, in one problem (Maf15)
for M=5, and two problems (Maf6 and Maf14) for M=5.
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Concerning 0-DEA, we observe that AGE-MOEA outperforms 6-DEA
in 13 out of 15 test problems for M=3 and M=15; and in 14 out of 15
test problems for M=10. Independently of the number of objectives
M, there are six test problems for which the IGD values achieved
by AGE-MOEA are at least one order of magnitude smaller than the
values achieved by §-DEA On the other hand, 0-DEA performs sig-
nificantly better than AGE-MOEA in only one test problem for M=3
(Maf11) and M=10 (Maf6). For Maf12 with M=3 and for Maf11 and
Maf15 with M=10, we do not observe any statistically significant
difference between GreEA and AGE-MOEA.
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() 6-DEA (IGD = 3.80e-2)

Figure 2: Fronts produced by the different MOEAs for Maf3 with M=3 and population size N=190.

Based on the results above, we can conclude that AGE-MOEA has
the best overall performance (measured using the IGD metrics) com-
pared to five stat-of-the=art MOEAs experimented in this study.

Graphical comparison. To provide a graphical comparison be-
tween the different MOEAs experimented in this study, Figure 2
depicts the Pareto front achieved for Maf3 with M=3. For the sake
of this analysis, we increased the population size to N=190, which is
the number of reference points obtained with the Das and Dennis’s
systematic approach [4, 6]. For the other parameters, we used the
same setting described in Table 1. To have a more reliable com-
parison, we ran each MOEA 51 time and selected the Pareto front
corresponding to the run with the median IGD score. We considered
Maf3 because its Pareto optimal front forms a hyperbolic surface
(hyperbolic geometry with L, norm having p < 1) that intersect
the objective axes in the points (1, 0,0), (0, 1,0), and (0, 0, 1).

As we can observe, AGE-MOEA produced a set of non-dominated
solutions that are well-distributed and that cover the entire hyper-
bolic surface. The corresponding median IGD value is 2.32x1072.
Unlike AGE-MOEA, the other five state-of-the-art MOEAs generate
fronts with uneven data points distributions. In particular, the ma-
jority of the generated solutions are located in the central region of
the hyperbolic surface. This uneven distribution is due to the fact
that the majority of the reference points (e.g., in NSGA-III) inter-
sect a hyperbolic surface (L, norm with p < 1) in the central region
of the surface itself. The stronger the curvature of the hyperbolic
surface Sy, (i.e., the lower the exponent 0 < p < 1), the smaller the
region in the center of the surface in which most of the reference
points are located.
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AR-MOEA uses a reference point adaptation method to adjust
the reference points at each generation for the calculation of the
indicator IGD-NS [16]. However, based on our simulation with
Maf3, it produces a set of reference points that covers the central
region at the expense of the solutions that are closer to the border
(corner) of the surface.

5 CONCLUSION AND FUTURE WORK

In this paper, we have introduced a novel MOEA, namely AGE-MOEA,
whose selection procedure considers both the diversity among the
population members, and the proximity of each population mem-
ber to the ideal point. Unlike state-of-the-art MOEAs, AGE-MOEA
does not make any assumption about the geometry of the Pareto
front. Instead, it estimates the geometry of the front by using a
fast procedure, whose computational complexity is lower than the
complexity of the non-dominated sorting algorithm.

We assessed the performance of AGE-MOEA using the Maf test
suite, which comprises 15 many-objective problems, with different
characteristics, and varying the number of objectives M € {3, 5, 10}.
Besides, we compared the performance of AGE-MOEA with five
state-of-the-art many-objectives evolutionary algorithm, namely
NSGA-III,MOEA/D, GrEA, 0-DEA, and AR-MOEA. The achieved results
show that AGE-MOEA significantly outperforms the five baselines
independently of the number of objectives.

As future work, we plan to investigate alternative heuristics to
estimate the geometry of the non-dominated fronts. We also plan
to apply AGE-MOEA on constrained MOPs, real-world problems, and
more test benchmarks.
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